The purpose of this paper is to study how a cyclic action on a Z2-homol ogy 3-sphere contributes to the Rochlin invariant of the Z2-homology 3-sphere. Let S be a Z2-homology 3-sphere with Z n-action. The induced projection pr: SS=S/Zn is clearly the composite of a sequence of the induced projections of cyclic actions on Z2-homology 3-spheres , arising in the following four cases (1)-(4):(1) Free cyclic action of an order which is a power of 2, (2) Non-free involution, (3) Free cyclic action of odd-prime order, (4) Non-free cyclic action of odd-prime order. Therefore, the problem is reduced to the actions on Z2-homology 3-spheres of the cases (1)- (4) . In each case, we shall establish a congruence in Q/Z containing the Rochlin invari ant and the Atiyah-Singer invariant of the action. Then one could derive from these congruences a general congruence for any cyclic action on any Z2-homology 3-sphere, although we do not state it in this paper.
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In Section 1 we introduce a notion of the slope with value in Q/ZU {oo} of a knot in an oriented 3-manifold. A geometric meaning of the slope dis cussed there will be used often in this paper. In Section 2 we shall discuss an invariant of a knot in a Z2-homology 3-sphere, generalizing the Robertello invariant of a classical knot by Robertello [30] or a knot in a Z-homology 3-sphere by Gordon [12] . This enables us to calculate the Rochlin invariant from a novel viewpoint. In Section 3 several elementary calculations of the Rochlin invariants will be made. In Section 4 we shall discuss the Atiyah Singer invariant of a cyclic action on a closed oriented 3-manifold . It is well-known for a free cyclic action. We shall also define it for a certain semi-free cyclic action on a closed oriented 3-manifold , e.g., for any semi-free cyclic action on any rational homology 3-sphere. Section 5 is devoted to a remark concerning a cyclic action of odd order on a spin 4-manifold . In Sections 6, 8, 9, 10, 11 and 12, our desired congruences will be established . Section 6 deals with the case of a free involution. In Section 7 is given the application of the result of Section 6. Section 8 is concerned with the case of a non-free involution, and Section 9 with the case of a free cyclic action of order four. Section 10 takes care of the case of a free cyclic action of an LEMMA 1.1. Given a knot k c M of finite order with tubular neighborhood T, there exists exactly one (up to isotopy) parallel link P on T such that (1) [P]=o(k) [k] in H1(T; Z), (2) P bounds a compact oriented surface in E=M-Int T.
The link P, any component K of P and any compact oriented surface in E, bounded by P are called the characteristic parallel link, the characteristic knot and a characteristic surface for the knot k in M, respectively.
In case o(k)=1, P is a longitude of T and we see that k bounds a surface in M, obtained by extending any characteristic surface for the knot k, called a Seifert surface in the classical knot theory.
PROOF OF LEMMA 1.1. We may assume aM=0 . Then consider the following commutative diagram with natural homomorphisms:
Since i*o(k)[k]=0 in H1(M; Z), we find x E H2(M, T; Z) such that a'x= o(k) [k] . Let x' E H2(E, aE; Z) be the preimage of x under the excision isomor phism e. Choose a compact 3-submanifold X of E so that aE is a component of aX and x' is the image of some x" € H2(X, aE; Z) under the natural homo morphism H2(X, aE; Z)--*H2(E, aE; Z). Let A= aX aE. By Poincare duality, By Remark 1.6 and Corollary 1.7 we can obtain from the knot comple ment E=S-Int T(k) a unique (up to homeomorphism) closed connected oriented 3-manifold M such that H1(M; Z) is infinite. Then, since H1(E; Z2) =Z2, we have that H1(M; Z)/(odd torsion) ~' Z. Such a manifold is called a Z2-homology handle [18] . Let Z<t> be the integral group ring of the infinite cyclic group <t> generated by t. Let A(t) be the Alexander polynomial of M in Z<t> associated with an epimorphism r : ir1(M)-*<t> (See [20] ), and A(t)2 be its modulo 2 reduction in Z2<t>. A(t) has the properties that A(t)=A(t-1) up to a multiple of t and A(1) is odd, so that we can deduce that A(t)2= A(t-1)2 up to a multiple of t and A(1)2=1 e Z2, by a method analogous to [21] . In particular, A(t) (up to a multiple of t) does not depend on any choice of r and is an invariant of M. In [18] , we defined an invariant E(M), being 0 or 1, of M such that where m' is the greatest odd number such that m'< m. Using that ao is odd, A(t)2 is written in Z2<t>/(t4+1) as follows: 
Our orientation convention coincides with that of [13] (or [12] 
We have THEOREM 3.3. Suppose a flat knot k' in a Z2-homology 3-sphere S' is ob tained from a knot k in a Z2-homology 3-sphere S so that Next, let d be odd. Let k" c S" be a flat knot obtained from the flat knot
, where (m", l") is an m. l. pair of T(k"). We proceed to the proof by assuming the following lemma:
and d+b is even, we see from the above argument that p(S")=p 
with aD2 X Dl so that m'•~1=p X aD~, £' X 1= 3D2 X q, (p, q e aD2) and identifying the framed T"•~1 with aD' X D2 having the product framing. Let 
and This proves the lemma.
The following is a generalization of a result of Gordon [12] .
COROLLARY 3.5. Let ki be a flat knot in a Z2-homology 3-sphere Si with an m. l. pair (mi, li) on T(ki) such that li= K(ki), i=1, 2. Let S=S1-IntT(k1) U h S2-Int T(k2) be the adjunction space obtained by an orientation-reversing homeomorphism h: aT(k1)-6T (k2) Similarly, let S2 = S 1 X D2 U h"S2 Int T (k2) = S2 Int T (k2) U h'/-1S XD2 by a homeomorphism h": a(S1 X D2)-~aT(k2) or h'1: aT(k2)-~a(S1 X D2) such that Thus, o(K(k) c S) = o(k' c S') = e (M)/2 by Theorem 2.5, since k' c S' has M as its Z2-homology handle by Corollary 1.7. This completes the proof.
This corollary and Theorem 2.7 show that the 5-invariant of any knot in a Z2-homology 3-sphere is determined completely by the Z2-homology handle and the slope of the knot.
•˜4. Clearly, a (Zn, M) is an invariant of the equivariant, orientation-preser ving homeomorphism type of (Zn, M). Two kind of finer invariants but depending on each t E Zn are widely known.
One is the Atiyah-Singer a-invariant, a(t, M) (cf. [14] , p. 72) and the other, the Casson-Gordon invari ant, 6r (11 1, 0) [27] , [17] ). See also [11] for an analogous invariant in case L is a knot.
PROOF OF PROPOSITION 4.7. Since the Zn-action on a Wn Mn = n( M) is the cyclic translation of order n on n copies of -M, we obtain that where F', L are the lifts of F', L, respectively.
Let li be the longitude de termined by F (1 aT(kz) The proof of the case L=c is easier. This completes the proof.
Consider two closed connected oriented 3-manifolds Mi, i=1, 2, with semi-free Zn-actions such that Li=F(Zn, Mi)~c5 and each component of Li is of finite order. Let ki be any component of Li. Construct a knot sum k1#k2 CM1#M2 which admits a semi-free Zn-action induced by the Zn-actions on M1 and M2, so that F(Zn, M1#M2)=(L1-k1) U k1#k2 U (L2-k2) . By definition, we see the following: LEMMA 4.10.
Actual calculations of the a-invariants will be made at another oppor tunity.
• [-1, 1] ) is so. Hence we may assume that a w= aF= ~5. First, sup pose W is spin. By the Wu formula, w2(W) is equal to the second Wu class v2(W), so that v2(W)=0. Let pr: WW be the natural projection. A transfer argument shows that pr*: H*(W; Z2)H*(W; Z2) is injective, for n is odd. For any x e H2(W; Z2), pr*(v2(W) U x) =pr*(x U x)=pr*(x) Upr*(x)=v2(W) Upr*(x) =0, so that v2(W) U x=0. By Poincare duality, v2(W)=0. Thus, W is spin. Next, suppose W is spin. If F= ~iS, then W is spin, because the unbranched covering projection preserves the characteristic classes. Let F~q.
PROOF. A compact 4-manifold X is spin if and only if its double D(X) = a(XX
Let N be a regular neighborhood of F, and E=W-IntN.
Since W is spin, so are N and E. Let pr-1(E)=E. Since pr|E is an unbranched covering, v2(W)| E =0. Let N; be a component of N and pr-1(Nj)=Nj.
Note that Nj is a disk bundle over a component Fj of F with Euler number, say ej. Nj is a disk bundle over Fj with Euler number nej. Note that Nj is spin if and only if nej is even. Using that n is odd, we see that N is spin, i.e., v2(W)|N=0, and pr*: H1(aN; Z2)-~H1(aN; Z2) is an isomorphism.
By the Mayer-Vietoris sequence of (W; E, N), we find u e H1(aN; Z2) such that a(u)= v2(W), where ~: H1(aN; Z2)-H2(W; Z2) is the coboundary.
We have u e H1(aN; Z2) such that pr*(u)=u.
Consider the following commutative square:
Then we see that pr*a(u)= v2(W). Then pr*(o(u) U x)=pr*(o(u)) Upr*(x)= v2(W) Upr*(x)=pr*(x) Upr*(x)= pr*(x U x). Since pr*: H*(W; Z2)~H*(W; Z2) is injective, a(u) U x= x U x for all x E H2(W; Z2). By definition, a(u)= v2(W). Since W is spin, a(y)= v2(W) = 0. So, v2(W) =pr*(a(u)) = 0. That is, W is spin. This completes the proof. LEMMA 6.1. p(S(k'; -2b'/a'))=p(S(k; --2b/a)) if a'b'~ab(mod 4). 
PROOF.
(1) follows from Lemma 6.3 since by Lemma 6.1 1i(S(k; -2b/a)) _ p(S(k'; 2/3)) for any knot k' C S with s(k')=1/2. To see (2) , it suffices to show that p(( )(k; 2/3))== -p ((k; 2/1)) + 1/8 for any knot k in S with in Q/Z. This proves Lemma 6.8.
The following is our main assertion of this section, but the proof will be given in Section 8. is the knot signature of k, and k'=0 X aD2 C S has the slope -1/n. We have the following:
(1)
(1) and (3) follow easily. To check (2), use Proposition 6.7.
(6.10.1) Let k be a trefoil with a(k) = ± 2 and n=8b-3 for any odd b > 1. S is a Seifert 3-manifold (cf. [25] ), and therefore so is S. In particular, S is irreducible.
We have a(Z27 S)/16 =1/8 and p(Z2, S) = o (Z2, S) = 0 (since o (k c S3) =1/2).
(6.10.2) Let k be a torus knot of type (a, 2) (a>0) with a(k) = a -1 and a -1 (mod 4). Let n=16b+a>0
for an non-zero integer b. S is a Seifert 3-manifold (cf. [25] ), and so is S and hence S is irreducible.
We have 6(k)= n -1(mod 16) with any non-negative integer b, S is a Seifert 3-manifold (b=0) or a hyperbolic 3-manifold (b>0) by Thurston [35] , and therefore so is S and hence S is irreducible.
We have a(Z2, S)/16 = 2p(Z2, S) = 0 in Q/Z and o(Z2, S)=1/2. LEMMA 6.11. For any two Z2-homology 3-spheres Si with free Z2-action, i=1, 2, there exists a Z2-homology 3-sphere S with free Z2-action such that PROOF. Let ki be a knot in Si with s(ki)=1/2.
Let ki C Si (ki, -2/1) be the dual knot of ki with respect to the normal presentation 1/2. Consider the knot sum k1k2c S1(k1, -2/1)S2(k2, -2/1) which is a flat knot. Let kc S be a knot with H1(S; Z)/(odd torsion)=Z2 and s(k)=1/2 whose dual knot is the above knot sum. The double covering space S of S is a Z2-homology 3-sphere with desired properties (See Lemma 4.10, Lemma 2.2 and the proof of Theorem 6.9 in Section 8). This completes the proof.
The following is obtained from Examples 6.10 and Lemma 6.11. COROLLARY 6.12. For any integers m1, m2 and m3, there exists a Z2-homo logy 3-sphere S with free Z2-action such that a(Z2, S)/16 = m1/8, 2p(Z2, S) = m2/4 and 5(Z2, S) = m3/2 in Q/Z. [Note that 8p(Z2-homology 3-sphere) = 0 in Q/Z, so that by Theorem 6.9 a(Z2, S) is an even integer.]
•˜7. PROOF. Since 2p(Z homology 3-sphere) = 0, we have 2p(Z2 f S) = 0. By Lemma 6.8, o(Z29 S)=0.
By Theorem 6.9, the proof is completed. This completes the proof. THEOREM 7.3. For any two Z2-homology 3-spheres S, S' with free Z2-action, o (Z2, S) = a (Z2, S') i f and only i f there exists a compact connected oriented 4-manifold W with free Z2-action such that d (Z2, W) _ (Z2, S' U -S) and W= W/Z2 is spin. In this case, we have in Q/Z for any such 4-manifold W. Further, we can take W so that H1(W; Z2)= 0.
REMARK 7.4. We can use Theorem 7.3 to see the existence of a fake P4 and the existence of the exotic free involution of S4 by Cappell-Shaneson [6] and Fintushel-Stern [8] .
PROOF OF THEOREM 7.3. Assume the existence of W in the statement of Theorem 7.3. Let k C S, k' C S' be knots of the slope 1/2. Attaching two 2-handles to W along T(k) and T(k'), we can obtain a spin 4-manifold W' such that sign W'=signW and a W' = S' U S with S'=S'(k';-2/1) and S= S(k, -2/1) or S(k, -2/3). Then we show that only the case S=S(k; -2/1) can occur. Note that Using that pr|S-k: S-kS-k is an unbranched covering, we see that pr: 7r1(S, x)-±ir1(S, prx) is onto for x e k, so that pr*: H1(S; Z)H1(S; Z) is onto. Thus, S is also a Z2-homology 3-sphere. We shalll show the following: THEOREM 8.1. For any normal presentation a/b of the slope s(k) of the knot k=F(Z2, S) in S such that ab-1(mod 4), we have in Q/Z.
The following is a special case of Theorem 8.1, but is a key to proving Theorem 6.9 (which we shall prove in this section) and Theorem 8. Next, supposes (1f)= 1. Let ko c S3 be a classical knot with a (k0)= 1/2. Let M' be the Z2-homology handle of the knot sum k k0 C S 53= S. We have s (M') = 0 (cf. Theorem 2.5). Let S3(k0)2 be the double branched covering space of S3, branched over k0. It is well-known that S3(k0)2 is a Z2-homology 3-sphere. Since S#S3(k0)2 is a double branched covering space of S , branched over the knot k#k0, the above argument shows that Clearly, ("' (S1T S3(k0)2) = p (S) + p (S3(k0)2). By Lemma 4.10, Q' (Z2, SITS 3(k0)2) = a(Z2, S) + a(Z2, S3(k0)2). To complete the proof, it remains only to prove that ,a(S3(k0)2)=a(Z2, S3(k0)2)/16 in Q/Z. Let F be a connected Seifert surface of k0 in S3. Push Tnt F into Int D4. Let F' be the resulting proper surface in D4 . Let D4(F')2 be a double branched covering space of D4 , branched over F'. From construction, [F'+Q]2=0 for the lift F' of F'. D4(F')2 is spin. [This is well-known, but here is a quick proof of it. The double of D4(F')2 is a double branched covering space of S4, branched over an orientable unknotted sur face, and is homeomorphic to S4 or a connected sum of copies of S2 x S2 , which is spin. So, D4(F')2 is spin.] Hence x(Z2, S3(k0)2)/ 16= sign D4(F')2 =p(S3(k 0)2). This completes the proof of Lemma 8. = -p(S) and a(Z2f S) = a(Z2, S) = a(Z2, S) [Note that there is an equivariant, orientation-preserving homeomorphism (Z2, S)(Z2 , -S).], so that 2,u(S) = 0 and a(Z2, S) = 0. This completes the proof.
•˜9. By Lemma 9.2, p(Z4, S) is an invariant of the equivariant, orientation preserving homeomorphism type of (Z4, S). •˜10. -invariant that a(ZZ,,, S) 
(P>3).
PROOF. Let W be a simply connected spin 4-manifold with a j7= S . By •˜12. 
